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Introduction. 


In the ,,Geometrie der Dynamen‘,* Study has introduced 
the system of complex quantities which he calls dual quan- 
tities and which are represented by 


Cee See 
where ¢? == 0, and + and & are ordinary complex quantities and 
are called scalars. He then shows that the ratio of three such 
quantities 
DOS eae © . 

can be used as the coordinates (homogeneous in this dual 
number system) of the elements of a four fold manifoldness 
which contains all the elements of the four-fold manifoldness 
resulting from considering the ordinary three-dimensional space 
with the straight line as element as given in the Pliicker Line- 
geometry. In fact the two domains coincide except for a certain 
restricted portion of the new manifoldness which has no corres- 
ponding elements in the Plticker manifoldness. In this way a 
system of coordinates is obtained for the elements of this higher 
manifoldness, which is very closely analogous to that used in 
the analytic geometry of the plane. They are called Ray-coor- 
dinates and the corresponding geometry is called Ray-geometry. 

In the geometry of the plane, we have the two following 
methods of determining the various curved loci analytically; 
1) that in which the coordinates of its elements satisfy an 
equation; and 2) that in which the coordinates of the elements 
are given as functions of a single parameter. From the above- 
mentioned analogy, we are then led to ask concerning the 
nature of the configurations represented in the corresponding 
way in the new geometry. These are found to be Congruences 


of Rays to which we give the name Dual Congruences. 


* Geometrie der Dynamen. Teubner, 1903, pp. 195—202. Hereafter we 
shall refer to this work simply as ,,Dynamen“. 
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On account of the simplicity of the equations and the 
corresponding simplification in the study of their properties, 
these congruences seem likely to play a significant part in the 
advancement of our knowledge of that geometry in which the 
straight line is taken as the element. 

If we keep in mind the role that the Conic Section has 
played in Plane Geometry even when considered from the 
algebraic side alone, it seems very desirable that the corres- 
ponding development should be carried out for the Dual Con- 
gruences. This point is somewhat more strongly emphasized 
when we find that there exist dual linear transformations (dual 
collineations) leading to dual relations which are closely ana- 
logous to the projective relations in the plane, and in which 
the dual congruence of the second order plays much the same 
role as the conic section in the plane. They are called dual 
projective relations, and the corresponding geometry is called 
dual projective geometry. We are thus led very naturally to 
the problem of the following investigation: namely, the classi- 
fication and the determination of properties of configurations given 
by dual representations in which the variables enter to the second 
degree, 

After a preliminary discussion of dual quantities, coordinates 
and representations in Section I, we find in Sections II and IIL, 
a discussion of the general collineations, the special collineations 
due to motions, the reduction: of the equations to canonical 
forms and their classification. In Section IV, after the intro- 
duction of a new kind of coordinates, the new equations for — 
the previously given forms are found and also the equation 
corresponding to the general case of parametric representation ; 
the idea of pencils of parallel rays is introduced. In Section V, 
is the discussion of the representations and configurations of 
the remaining cases of parametric representation, making use 
of coordinates of both kinds. In Section VI, after a discussion 
of quadratic equations in a single variable, there is given a 
development of the general properties of dual conical congru- 
ences as related to normal nets, reciprocal congruences, and 
theorems on the general distribution of the rays in these con- 
gruences. In Section VII, is found a geometrical description of © 


So Ae 


the various classes of conical congruences as given in Sections 
Il and Uf. 


|. Preliminary Discussion. 
S 1. Dual Quantities and Dual Coordinates. 


We will now turn to the consideration of these dual quan- 
tities.* Let 


Lis a Een where ‘2? =="0: 


Further, these quantities are otherwise to satisfy the laws of 
combination of the ordinary number-system. 

If we have an integral function f of any number of dual 
quantities and perform the indicated operations, we can separate 
the resulting expression into two parts, one of which does not 
contain «, and another which does contain it. The former is 
called the scalar part of the function and is represented by Sf; 
the latter is called the vector part of the function and is re- 
presented by Vj. ‘Then it {= 0, we must-have both Sf = 0 
amie Vf == 0. 

If we consider that the ratio of the three dual quantities 
X,: X,: X; is unchanged when each of them is multiplied by 
the same dual quantity 


r=+re+ oe, WHE 792 G0. 


we find that then there are exactly four independent scalar 

quantities, which we know is the number necessary for the 

complete determination of a straight line in the ordinary space 

of three dimensions.+ This system has the particularly desi- 

rable property that there are no superfluous coordinates, i. e. 

that there are no additional fundamental relations to be satisfied. 
Now let us. write - 


DG ae aoe ae kin 8 (4 ae 1, 2, 3), 


where 7,7, represent a cyclic arrangement of the numbers 
1,2,3 in this same ordery: also 


* Dynamen pp. 195—199. 
y+ Dynamen p. 200. 
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(X/Q) == Xo1r Yor + Xo2 Yor + Xo3 Yos , 
and 7 ' 
(EQ) = Xo Yas +Xoe Yor + Fos Yao + Fos Yor + ¥s1 Yoo t+-Hi2 Dos. * 
If we multiply X; @ = 1,2,8) by the dual factor 
(L/X)—1/2(HH)-€ 
and rewrite, we find the following values for, X.;, Xx 


Ki o6 5 (E/E) Kory He ge ACK] K) Ke — a () Kos (2 
Further, these new values satisfy the fundamental relation for 
the Pliicker Line-coordinates; namely, 


(XX) = 0. 


From this we see that the Ray-geometry includes the Pliicker 
Line-geometry, and coincides with it in all cases where 


(E/X) + 0. 

We have the following two methods of selecting the rays 

of a congruence; namely, 1), that in which the quantities 
Xo, Xx, Satisfy certain equations; 2), that in which these quan- 
tities are given as functions of two scalar parameters. In each 
of these two classes, we can immediately distinguish two sub- 
classes as follows: in 1), according as the equations are or are 
not equivalent to those two which are obtained from a single 
equation in the three homogeneous dual coordinates X;; and 
in a similar way in 2), according as the dual coordinates X; can or 
can not each be represented as a function of a single dual para- 
meter containing dual coefficients, as X; =f; (x), @=1) 2398). 
In the special types which we consider in this investiga- 

tion, the functions involved are rational integral functions. 
These all belong to that type of functions of dual variables 
which corresponds to ‘analytic’ functions in the ordinary 
complex variables. They are called ‘“synectic’” functions.; In 


* Dynamen, p. 129, (13); p. 138, (39). 

7+ For the definiton of a synectic function of a dual variable see the - 
Dynamen p. 199. Corresponding to the general definition, the above state- 
ment becomes: Synectic representations are obtained when the functions 
involved are synectic. 


Na 
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these forms of representation, we say that the first method, 
in both cases 1) and 2), gives “synectic” representations, while 
the second method does not, although it may give analytic 
representations. 

We reserve the name “synectic’ Congruence however for 
such in which the dual coordinates of the rays are given as 
synectic functions of a single dual variable. 

In all the following investigation, we shall use the German 
letters, in general, to represent dual quantities, as 


qd = a+ G@é, 


always with the exception of the dual coordinates themselves, 
which are represented as 


Ne = Kop “Ku Ae 


and in which X,;, X;, have a significance analogous to the cor- 
responding combinations in Pliicker coordinates. Further, 2,7, % 
when used together shall have the same signification as given 
heretofore, namely, they form a cyclic arrangement of the num- 
bers 1, 2, 3 in this same order. 

We shall also always consider that we have a tri-rectan- 
cular reference system in three dimensions for the homogeneous 
point-coordinates a9: #,: 4%: 43, where x = 0 represents the 
plane at infinity, and where the Pliicker coordinates of the line 
passing through the two points w and y are expressed as 


Op 1g Vs Is Vy, 0 Lie = Ga He Vis Abe 1, 25 8): 


S 2. Quadratic Synectic Representations. 


We will now return to the two classes of synectic repre- 
sentation mentioned above, limiting ourselves however to those 
of the second degree. 

We have 
1) SG = ay X12 + Aaa X22-+ O33 X32 + 2 dos X2 X35 

+ 2 31 X3 X1 +2 aig Xi Xe = O 
as the general form of the equation to be satisfied by the 
coordinates of the rays in case 1). 


so AU ol ‘ 


We will call the discriminant of this equation, that function 
of its dual coefficients a;, which is formed in the same way 
as the discriminant in the general ternary quadratic form in 
scalar quantities, and will represent it by 


jd Wie (Con C22 (133). 
Further we define the “general” case as that for which 
See 0; 


For the synectic parametric representation, the dual coor- 
dinates are given by 


2) Ae Mar t2-+- 2 Mir ty to +- Mie te, (2 = 1, 2, 3) ) 


in which we will suppose that there is no dual factor common. 
to all the coefficients 9%. Writing / for the determinant of the 
the coefficients — 


L = (Misr Mere Meee), 


we will define the “general” case under this class as that for 
which 


STO 


By methods of elimination analogous to those used in the 
corresponding discussion in the theory of the Conic Section, 
we can always find an equation of the second degree in Xj, 
X2, Xs Which will be satisfied by the ray -coordinates as 
given by 2). 

Since this system of dual quantities is such that the com- 
bination of the scalar parts of the elements of any algebraic 
combination involving only addition, subtraction and multipli- 
cation gives the scalar part of the resulting expression, we 
can further conclude from the theory of Conic Sections, that 
the resulting equation of the second degree is such that 
SA + 0 iD-SZ == 03: and. also, that af SJ ==-0, gheneaieees 
first minors of SA are zero and hence that 4 = 0. From this 
it is readily seen that the congruences excluded by the con- 
dition SA + O in 1) do not all belong to the set excluded by 
the condition SJ + 0 in 2); namely, those satisfying the con- 
ditions SA = 0, 4 + 0, and A = 0; but. all first minoreses 


ae 8) as 


SA not zero. On the other hand, those congruences whose 
equations fulfil the condition SZ = 0 are included among 
those for which SA -= 0. 


ll. Transformation of the Equations by 
dual (radial) Coilineations. Canonical Forms. 


S 3. Collineations. Canonical Forms under dual Collineations 


Starting from the general equation of the second degree, 
we will separate into the scalar and vector parts. The former 
we will represent by S and the latter by Ye. 

Then we write | 


1) = $+ De 
where 
2) S = O11 Ko12 + dee Xo2? + A33 Xo3? + 2 agg Koo Kos 


+ 2 31 X93 Ko1 + 2 ay. Ko1 X02 


Further defining S$; and 2 as follows 


3) 5 = ; aS , Sa i Bae anes h 

4) Ve Y/y (G11 X01” 4 Gag Koa" + gg Kos? + 2 Ae3 Xo2 Xos 
—- 2 31 X03 Xo1 4-2 Ae Xo1 Koz), 

we have 

5) + = 2 (S; Xe3 + So Xs; Ss X12 + 02). 


Taking the idea of equivalence as used in the theory of 
transformations to mean that two equations (also the config- 
urations defined by them) are equivalent under any group of 
transformations, if one can be obtained from the other by means 
of transformations of the group, we will turn to the determin- 
ation of the different equations under the dual and radial 
collineations. These collineations are defined as follows. 


Ag 5 ato 


For the dual collineations, we have 
6) Xe = My Xi! + Mig Xo! + mig X3', (= 1) 2 
for the radial collineations, 
Ko; = M41 K'o1 + Miz X'o2 + Mig X's 


7) : aay: == Ui Kor + Mie X'o2 + Mis X03 
+ 1 (mj, X'o3 + Mig X51 He Mi3k'12) , 
where L (m4; M22 M33) + O, Gs, 2 ee 


We see that the dual collineation is that special case of 
the radial collineation for which 7 = 1. 


Transformations with general coefficients. 


Using the results of the theory of transformation of quad- — 
ratic ternary forms as obtained in the theory of the Conic 
Section, we see immediately that a dual collineation 


8) XG MG Xy) Ma Xe ie Ae @ = 1, 2, 3). 


(141 M29 M33) == 0, where m,, are all scalar, 
can be found such that the new S after dropping the primes, 
will reduce to one of the three following forms: 


a) Xo17 -- Xo22 + X03", if SA =o O 5 


9) b) Xo127 + Hoo? , if S4=—0, but noé all its first 
minors zero; 
C). €or?, if SA = 0 and. all its first’ minors’ zero: 


For the corresponding cases, we have the following ex- 
pressions for the new 2 respectively: 


a) 2 (Kor Hes + Xoo X31 + Kos X12 )4- 2], 
10) b) 2 [ (Koi Xe3 + Xoe X31) + QI, 
C). 2 [ Xo1 Kes, + Q). 
The equations can be still further simplified by applying 


a dual Translation +, which is written in general form as, 


* Dynamen p. 224. 
** Dynamen p. 237. 
+ Dynamen p. 235. 


“4 
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Boat peer an 

Xy = (Lp 8) Xi! + & (Ue Log + Mis £08) , 

11) AGS YES [Mo € Xo1 + (1 + [ee é) Xe! ++ Ue3 € X'os , 
Xg == & (Ug, Ko, + Mga X'o2) ++ (1 + Mess €) X33‘, 


where tix are all scalar quantities. S is unchanged by such 
a transformation and the changes in » will now be discussed 
for each of the three cases a), 6), c) separately. 


a. 

Applying this transformation 11), the expression 10a) be- 
comes 
12 a) 2 (Kor Hes + Xoe Xa: + Koz Xia) ++ (Gay ++ 2 Mir) Kor? +- 

(Gog + 2 Lee) Xoe”—- (gg + 2 gs) Kos2 +- 2 (eg + [a3 + La) XoeXos 

mai (31+ 31 + [y3) Xos Xo1 + 2 (ig + Me + bMe1)Xo1 Xoo. 

The coeiiicnenis ol, all the.terms;-45; £4 (2,71, 2, 8) 
can be made zero and still leave three of the quantities w;, 
arbitrary. Hence; 

When SA + 0, the equation of the second degree in dual 
coordinates can be transformed by dual collineations into one 
whose form is 
13a) X72 ao Xo" + X32 ae O 


bd, 

By the same transformation 11), the expression 100) be- 
comes 
12b) = 2 (Koy Kos +- Xoo X31) + (G11 + 2 M11) X01? + (Gea + 2 eae) Xoe” 

+ 33 Xo3* + 2 (eg + [23) Xo Xo3 + 2 (Q31 ++ L413) Xo3 Xor 
+ 2 (Ayo + Mig + Mar) Xo1 Xoo. 

In this case, all the coefficients of £,; X,; can be made 
zero, except that of Xo3”, and still leave four coefficients w;, 
arbitrary. 

Here we have two cases according as a@33 is zero or not, 
and our equation becomes 
a) Awe Xo? + E 1133 X32 = QO, or 


14b) , 
BY XFS XG =< 0 


In the first of these, we can still further simplify by 
applying the transformation, 

XxX ranais ey, Xo ra X'9, V tsp 3Xs re X3!. 

We then obtain the following result: 

. When SA = 0 but all its first minors not zero, the 
equation of the congruence can be reduced by dual collineations 
to the form . 

3b) | qt) XxX? + X22 —- 6X3" = 0, if A an Aye or 
1: 
\ 8) X2+ X%2 = 0, if4 =o. 
G 
The expression 10c) by the same transformation becomes 
2 Xo1 Xe3 + (Gyr + 2 Mir) X01? + Gag Kon” + gg Xo? 


+ 2 Ges Xo2 kos + 2 (Cs aie Lis) Xo3 Xo1 + 2 (Cio ie LU42) Xo1 Xo. 
Here the coefficients of X22, Xo32, Xoo X03 can mot be 
changed, but the coefficients of Xo:2, Xos X01, X01 Xo2 can be 
made zero and leave six of the coefficients wy, arbitrary. The 
equation then takes one of three forms according to the dif- 
ferent relations between a22, G33, de3, as follows: 


a) X1?-++-€(Be Xe+ Bs 3) (V2 Xo—+ 73 X3)= 0, if 043 — Gop Ags = 0, 
14 C) p) X12 + € (Bo Xs — Bs X3)? = 0, if 755 O39 ag O, 


y) X {2 ab fe if Clog == Ag3 == O33 = O. 


12 ¢) 


In a), by the transformation given by the equations 
X, = Xy', Bo Xa+B3X3 = Xy' +-1X5', 2 X2+y3Xg— Xo'—1X3', 
and, in 8), by the transformation given by 

X, = Xz, Bo X2 + Bs X3 = Xo", 
the equations are further simplified, and we obtain the fol- 
lowing result: 

If SA = 0 and all its first minors are zero, the equation 
of the congruence can be reduced by dual collineations to one 
of the three forms: 

OQ) Mit a8 (Xe Net) a0), 
12 Cc) B) X12 +. § Xo? = QO, 
v) XxX? —s 0. 


Sia Ta es ene 


§ 4. Canonical Forms under radial Collineations. 


From the equations 7) defining the radial collineations, 
we see that we obtain exactly the same transformation if we 
first apply the dual collineation obtained by making / = 1, and 
then the transformation 


15) 4 ORAS hie Xin Sait oi: (tii Jp 2, 3) , 


which, in the Pliicker coordinates results from the application 
of a perspective similarity point-transformation with the origin 
as center. ‘The result of applying a radial collineation to an 
equation synectic in X; differs from that for the corresponding 
dual collineation only in that the coefficients of X;, in 2 are 
multiplied by Z. The same congruence would be given by the 
synectic equation, 


: 1 
16) Si 2 (51 kag Sa Xai 83 Mie + 7M) € == 0, 


where the equation with 7=1 is the result of the application 
of the corresponding dual collineation; i. e. the result of ap- 
plying 15) is essentially a division of the coefficients a in Q 
by J. ie result is true for any integral synectic equation 
since ¥ contains the quantities X,, to the first power only, on 
account of the fundamental property of the dual quantities, 
namely «? = 0. Analytically, the equation 16) could be obtained 
by dividing the expressions given for X;, in 7) by Z. In this 
case, the geometrical significance as given in 15) would be 
hidden, and some of the geometrical properties of the configu- 
ration might be overlooked. 

The application of such a radial transformation does not 
affect the process of the elimination of terms by the applica- 
tion of 11), nor does it change the possibilities as given in 14)) 
and 14c). Therefore the same resulting forms are optainable 
by applying radial collineations. 

Rearranging and summarizing our results, we can say: 


In radial- (dual-) projective geometry, there are not more 
than six essentially different configurations represented by pro- 
perly synectic equitions of the second degree. These can always 
be reduced to the following canonical forms. 


( Ne Ac SON), 
A) X,2 + X24 X32 = 0, SA + 0; 
B) X,2+ Xp2-+ 6 X37 = 0, AW 
if, A =O, 
17), A) peas) Gar 0; not all first minors of SA zero. 


B) All first minors of SA zero, but noé all the 
elements of SA zero. 
GQ) Kyte (Xs? A?) = 0, 
B) X2+ 6X2 = 0, 
7) Ae). 
The excluded case, namely that in which all the elements 
of SA are zero, does not give us a congruence but a quadratic 


complex whose general equation is 
2 Gee 


ae 


S$ 5. Canonical Forms under radial Collineations with real 
Coefficients. 


Limiting ourselves to synectic equations and radial collin- 
eations which have real coefficients only, we see from the 
preceding discussions of the cases a), b), c) § 3, that, 

In real radial-(dual-) projective geometry, the essentially 
different proper synectic equations of the second degree with 
real coefficients can be reduced to the following canonical forms: 


( ye AsO: 
A) Ay? Xo? + X32 = 0, SAS aor 
B) X27 + Xo2 + € X3? == 0; SA =n D 
gs A= 0 
18) A) X,2-+ X.2 = 0, + xot all first minors of .S4 zero. 


B) All first minors of SA zero, but mot all the 
elements of SA zero. 
a) Ai? tn b:(Ao* aeXg2) = 0S 
B) Xi? + 8 X.? = 10, 
7) AG ee 


ae 


cacaeaes 7 8 eda 


In the above canonical forms, the different double signs 
are independent of one another. 


Ill. Transformations of Equations due to Motions. 
Canonical Forms. 

§ 6. Collineations for Motions and corresponding 

general Canonical Form. 

We will now consider the transformations of the ray coor- 
dinates due to translations and rotations of the tri-rectangular 
reference system and also certain standard forms to which the 
synectic equations can be reduced by them when the coeffic- 
ients are real. We limit ourselves to this class of cases be- 
cause of their especial interest. 

The transformation of rectangular point-coordinates which 
results from a rotation of the axes about the origin, can be 
written 

Hi H yi yi X_g = loo Xo! 111 Hi! lie Ko! A y3 43": 

by, 44! + lao 49! + dys 3! ly 4 y' + lgo Xo! + Lg3 43’, 

where JZ; : Joo (¢7 = 1, 2, 8) are the direction-cosines for the one 
system relative to the other, and where primed letters represent 
the new coordinates. The corresponding transformation in ray- 
coordinates is 
1) X12 Xo: Xs = Ly Xy' + lye Xe! +A X3': 

bay Xy! + log Xo! + log X3! slg Xy! + Lyn Xo! + bag X3'. * 

The transformation in point coordinates for the translation 

of the origin to the point a :a,:a2:a3 1s 
AQnd1 .ite. 43 = Ao cen : XH x,'+a, Ta > ao Xo! + ag CA : Ap Xa' + a3%Xo' 5 
and the corresponding transformation in ray-coordinates is 
2) Xx; - XS oe = Yo Ay! +-§ (as X'o3—A3 K'o2) : 
Qy Xe'-+ & (a3 X91 —@1 X's) 1a X3'+ € (a1 X'o2—@e X01). 


*) cf. Clebsch-Lindemann: Vorlesungen uber Geometrie. J]. pp, 78-79- 


see ty ces 


From the results of the transformation of ternary quadratic 
forms as used in the analytical geometry of three dimensions 
for the purpose of transforming the equation of a quadric surface 
to its principal axes as reference system, we can conclude that. 
an equation of the form S = 0 can always be reduced to the form 
3) 631 Ko17 + O29 Xo2*—-+ Ogg Xo3? == 0 
by a real transformation 1) if the coefficients a,, of S are real. * 

Our synectic quadratic equation then becomes 
4) (01, + € Bi1) X14? + (O29 + €P a9) Xo? + (033 + & 833) X32 

+26 (Bos Xo2 Xos + B31 X03 X01 + Bis X01 X02) = 03 
for which the coefficient of the vector part is 
5) Bu Xo1” Es Bos Kos” Sse Bs Xo3” ee Bos Xo Xo3 + 2 Bs1 Kos Kor 
aa 2 re Xor Xoo = 2 Oy Xo1 X23 = 2 bg9 Xoo X31 are 2 bsg Kos X12. 

Now applying the transformation 2) for a translation of the 
origin, 4) gives 
3') Ay” (O11 Xo12 + bag Xoo" +- 033 X03”) = 0. 

[40 Qo [Ps 1 Xo12 5 ie Boo Xoo? + [33 Xo3" aA os Bos Kos Ko3 + 2 Bst Kos Xo 

ens + 2 Bro Ko1 Rog + 2 B11 Xo1 Keg + 2 Oe Ko2 X31 + 2 Fsg Kos X19] 
Ft 

| [2 Qy ( (G22—0g3) Xo2 Kos + 2 ae (O33—01) Xos Xo1 

| + 2 as (04: —0o9) Xo1 coal = 0. 

The coefficients of the product terms are the only ones 
that are essentially changed, and we see that these can be made 
zero by a proper choice of the coordinates a: a, : ad: a3, when 
6) (Og2—b33) (633—041) (11452) ae bh 

Then we have 

Bex Sere ure 
by g—b33 Vere Dee tee 

That is, under this condition 6), the equation 4) can be 
reduced to the form 


8a) 11 X17 + Goze X22 +- Ags X32 = 0 


7) Vek Qy As ae 


*) Clebsch-Lindemann: Geometrie II., pp. 165—170. 
Salmon-Fiedler: Geometrie des Raumes I. 


ae pene yi ee 


If the expression in 6) vanishes, we have two types accord- 
ING aS doo = O33 OF 01, == dog = 533. In these two cases the 
equations can be written in the following forms respectively: 


8b) air X42 + @o9(X2? + X42) + 6 (Gon Xo2-+ 2 Gag Xo Xg + C33 X37) = 0 
SC) ay, (Ay? + X42 X53”) + & (41 X12 + ag Xo2-+ gg X35? 
+ 2 des Xo -X3 a 2 O31 X3 Xy + 2 Ayo X; Xp) =a) ee 


In the former case the coordinate a, is entirely arbitrary, 
and in the latter a, a, a3, and entirely without effect so far as 
changing the coefficients of the equation is concerned, as we 
can easily see by a consideration of equation 5‘). 


Now for 8b) we can find a real rotation expressed by 
equations of the form 


Ay = Xy', Xo = lon Xo" + beg Xe', Xz = lye Xo! + Ig Xo! 
such that deg Xo2-+ 2 des X_ X3 +-a33 X32 will take the form 
A's Xo? + a's, X32 and X.2-+ X,? still remain unchanged. 

Similarly, for 8c) we can find real rotations such that 
O41 X17 + Ogg Xp” ++ Ogg X32-+ 2 Gog Xe X3 + 2 Ag, X3 Xy +2 O12 X1 Xe 
becomes any X,? a Q's9 Xo" —+- A'38 X32 while Xx" 1 ATs mae X32 
will remain unchanged. Therefore 8b) and 8c) can be reduced 
to the form 8a). Summarizing, we have the result: 

A-synectic equation of the second degree in ray-coordinates 


which has only real coefficients can always be reduced by real 
motions of the reference-system, to the form 


9) 11 X17 + oe Xe* + A33X37= 0. 


S 7. Different special Canonical Forms. 


The points which come into the consideration of equations 
8a), b), c) through 5‘) and 7) might be readily considered as 
centers of the corresponding congruences, in case we limited 
ourselves to such as have equivalents in the Pliicker line-con- 
tinuum. Making use of this idea, we will consider the question 
again, this time using equation 9) for greater clearness. 

2 


Bn Fo 


When S (Az22— 33) (a33— ii) (Q11—22) a O, we find that the 
center is entirely determined and that its coordinates are 
be 02.0! 

If S (a22—ass) (dss—d11) (411 —Go2) = 0, and but one factor 
of the product is zero, as S (ds2.—as3), then one of the coord- 
inates becomes indeterminate; in this case a,, but the others 
are all definite. Here, then, we may say that there is a line ~ 
of centers. | 

The remaining possibility is where Sai; = Sas = Sass. 
In this case, the center is entirely indeterminate, since this is 
true of the three coordinates a,, a2, a3. 

This idea that the configuration represented has a single 
definite center, or any point of a definite line as center, or an 
entirely indeterminate center (or every point in space) gives a 
criterion for a different division into classes which can be car- 
ried out simultaneously with the one of § 4. These classes 
are three in number and will be designated by a), b), ¢); in 
which we have S (ai:— (22) (de2z—d33) (d33— di1) == O for class a, 
SS’ (Gi1—g2) (ea—dss) (Ass — di1) == O Tor class b, and Say, = Saee 
== 5.033 LOY Classec: 

In writing the equations in the following classification, 
the coefficients have been selected in such a way as to obtain 
the greatest possible symmetry, and in most cases unity has 
been used for the equal coefficients a;; We then state our 
result as follows: 

A synectic equation of the second degree in ray-coordinates 
with real coefficiants can always be reduced by real motions to 
one of the following canonical forms: 


fy A. oe es 
A. S71s2a0°5 
a) (Ay Toy &) X12—-++ (deg + Gee &) Xo2—-+- (ag3 + C133 &) X37 = 0, 
| b) Xi2 + dag (Xo? + Xp2)+ 8 (gy Xo? + Ons Xs?) = 0, 
i) C) X12 + Xo? + X37 + & (Gy X12 + Gag Xg2 + Ogg X32) = O. 
B. Raped Coeemer OR. 
a) (Q11 + G1 &) X12 + (og + Gg &) Xg2 + € Og3 X32 = 


b) 12-1 X92 + & (Ago Xo? + Ogg X32) = O 7 


ee ren ©. ee 


95 Ais=*0; 
A. First minors of SA not all zero. 
: a) (@41 + G1 &) X12 + (og + Og 8) XQ? = 0 , 
| b) Dae ia Pele (a Gt aka ee OP 
40} By First minors of SA all zero. ~ 
| as X17 + & (gg Xo? +- g3 X32) = O , 
b{ ~) Xy2-8 eg Ao? == 0 
| ”) ay eee Ou: 


IV. Coordinates of the Second Kind. 
Equations of the Configurations for the General Cases. 
Parallel Pencils. 


S 8. Coordinates of the Second Kind. 


Although the dual coordinates in the ray-geometry are so 
closely analogous to the homogeneous coordinates in a plane 
and leave nothing to be desired in regard to the finite domain, 
nevertheless we do not obtain a closed continuum of any type 
corresponding to that of the projective geometry, in so much 
as we do not obtain definite rays as limits when we pass to 
the region at infinity, i. e.. where X91 = Xo2 = Xos = 0. 

In order to overcome this difficulty the following system 
of coordinates was introduced. * 


| Koj Xe 
Koz X; J 


They are called coordinates of the second kind, or coordinates 
of the first natural system and they satisfy the following relation 
identically: 


2) K1 X11 + Ke Xoo + Xe Xas — O f 


= 


1) Ry ee dkns Lip : is 1-2 e-3 ae 


* Dynamen pp. 258— 261. 


Further, these coordinates are homogeneous in a new sense: 
namely, in that the same ray is represented if we multiply 
x; by o, and at the’ same time’ &; by oe? for 4 =, 23: 

By this change a new continuum is introduced so related 
to the original one that to every ray of the one there corres- 
ponds one and but one ray of the other, except when 


3) Xj eee as ee Le Oey ee ee 


In the first natural continuum, these special rays are called 
Point Rays, and they make up the totality of rays which are 
situated at infinity. All other rays are called Proper Rays. 

From this we see that we can discuss the configurations 
in either continuum by means of the corresponding equation 
in the other, except for the rays satisfying 3), and these must 
be considered separately. 


§ 9. Equations for Case 1), § 2. 


We will now find and discuss the system of equations 
in coordinates of the second kind which must be satisfied: 
1) for the dual equation G = 0; and 2), for the general case 
of the dual parametric representation of the second degree. 
In Section V, we will consider those for the case SJ=0. All 
the following discussions will deal with the configurations 
obtained in the new continuum. 

Making use of the symbols defined by 2), 3), 4), § 3, we 
have immediately 


4) Se 


Multiply Vly ae ©) by aes subtract Kit (Xor Si + Xo2 So + X3:S3) ==) 
and then substitute in terms of the new coordinates. Making 
z successively equal 1, 2, 8, we obtain the following equations: 


—S3 Kao + So Xe3-+ X1 82 = 0, 
5) S3 Xi1 — S$, X33 + #2, 2 = O, 
— So X41, + Si Xen + X32 =-0. 


By further examination of this system of equations 2), 4), 5), 
we find that, considering the system made up of 2) and 5), 


SEND fot 


the determinants of the third order of the matrix of their 
coefficients 


are all congruent to zero (mod .S); and therefore for the rays 
which are to be considered, these determinants must all be 
zero on account of 4), and hence the equations 2), 5) are not 
independent for any rays of the configuration. The determi- 
nants of the second order all vanish only if #, = X, = X; = 0, 
and in this case the whole system 2), 4), 5) is satisfied. 

Since the point-rays all satisfy the system of equations 
2), 4), 5), it is unsatisfactory for the determination of a closed 
configuration. We will now obtain a new equation which is 
particularly valuable in this connection. 

We rewrite equations 5), arranging according to X,, Xe, Xs, 
as follows: 


( (2—ag1 Xog—Ayo X33) ¥1+- (Gog Xag + doe X33) Xe 
+ (—33 Xog + 23X33) X3 = O, 
x : (31 X44 —Ay1 X33) Xt + (QA og X11 — Aig Xgg) Xe 
++ (ag3 X13 — 1 X33) 3 =O, 
| (— Ayo Ky, + Gy Xan) XH + (og X11 + Aye X09) Xe 
| LOE AG is Shan eyes a, 
Then eliminate X%1, X:, X; as they appear explicitly in 2) 
and two of the above three equations. Using the first two of 
the above equations, we obtain the following necessary relation 
(Q—a5, Xo2-+ a2. X33), (23 22+ ao Xgg), (Ag X22+ Aes Kes) 
(ag, X41 — 11 X33), (2+ Gog Xy1— Aye X33), (33 X11—Aa1 X33) =O, 
Xi Xoo 5 Xse 


and similar expressions for the other two possibilities. The 
three expressions obtained all have a common factor. The other 


factor is X;;, where the 2” equation of 5‘) is the one omitted. 
Hence we have, either 


Xi = Xoo = s3 = 0 , 
or the equation obtained by placing the other factor equal zero. 
The latter gives 


a 


Qi1, Aya, Ay, Kit 


Qo1, A22, Ao3, Xoo 


8‘) etre Os 

G31, G32, 433, Xs 

Ki gone kes sO where ajz = aa; . 
If X14. = Xoo = X33 = 0, we see from 5) that we must have 


Q = 0, which also follows from 8‘), so that our first alternative 
is included in 8‘) itself. Therefore 8‘) is satisfied by the coord- 
inates of all the rays of the congruence if it is to be considered 
as a closed continuum. 


Now using the term reciprocal equation to indicate the 
same form of equation as that indicated by the same name in 
the analytic geometry, we obtain the following: 


If the configuration defined by the equations 2), 3), 5) furms 
a closed continuum of rays, the X- coordinates of the point-rays 
satisfy the rectprocal equation of S = 0. 


Using A, with the usual significance, our equation 8’) 
becomes, 


Ay, X11? + Age Koo" + Ags Xgg7 + 2 Ag Loo Xs 
2 Agi Xs3 Xi +2 Ato Xi Keg — LY? = 0, 


When S4=0 but xzot all its first minors zero; this 
becomes 


(Ai X11 + Aix Xoo + Ais X33)? — Aj, 2=O where Ay = Ay, 3 
When all the first minors vanish, it is 
AP ee HOES 


Since S = 0 and £2 = 0 are both satisfied for all the point-rays, 
we conclude that the field of point-rays forms a part of the 
configuration in this case, even as limited by 8’). 


cD sche 


Returning to the discussion of our equations, we find that 
2), 4), 8‘) do not determine the same totality as 2), 4), 5) be- 
cause all the rays from the system of equations given by sub- 
stituting — 2 for 2 in 5) will also satisfy 2), 4), 8°). 

We will now show that no other rays are given by 2), 4), 8‘) 
than those obtained when we use both -+ 2 and — @ in 2), 4), 5). 

From 2) and 4) written as | 


4) X, S, + Xe. Sy + ¥3$3 = -0, 
2) : XX, + Xe Xe ae Ke 435-0, 
we obtain 
eae ree ee eee 
Xoo X33 X33 X14 Xi Xoo 


Introducing the common factor gy, we rewrite as: 
— S3 Xo2-+ SoXs+%19 = 0, 
5:*) Se oer “hare Sy X33 a= Ke —/p aes 0 ) 
— So X11 +S) Xo0 paths Qt Oi 
Combining 5‘) and 2) as in the preceding discussion we 
find an equation of the form 8’) but differing from it only in 
that 2? is replaced by q?. Hence in order to obtain the same 
system of rays in the two cases, we must have. 
pee Ol a et 
This proves our assertion. 
Using .S to represent the reciprocal of S, and S to indi- 


cate that the coordinates X,; are substituted for X; in S, we can 
rewrite our equations 2), 4), 8‘), as 


2) (FE) = 0; 
4) So 
8) S—2 = 0; 
also 


5) iS; Kage = Sj Kit a ky $2 ae Ue (1 = ie 2, 3). 

We will now adopt the following definition: 
: A dual conical congruence 1s one the totality of whose rays 
is determined by the equations : 


Se Agee 


5 SE Or S— @ = 0, (|X) = 0, 
Ss Xyy — Sy Le tt H, 2 — 0; (== 128" 
In coordinates of the second kind, we will call canonical 


equations those which are obtained from the canonical equa- 
tions in coordinates of the first kind; namely, 


9) Ay, X17 +- deg Hy + agg X32 = O, 

10) Az Asz Ky12 + Ags Ay Kon? + ayy Aog X332 — 2? = eS 
where 
11) 2 == No (Gyr X74 eg Xy7-4- Gag Xo”) 


The equations 5) become 
—@3g X3 Kee + Age ke Xap + Xi 2 = 0, 
12) Gag ks kat — Ay, Xi Fag +X, 2 = 0, 
— Age Ke K11 + Ay Xi Kee + X32 = 0 


S 10. Equations for the General Case of dual Parametric 
Representation. 


We will now determine the system of equations in Co- 
ordinates of the second kind, which must be satisfied when the 
dual coordinates are represented parametrically by functions 


of the second degree in two dual homogeneous variables when 
Si = 0,2, Take 


Neots ty ge aa pal ta le ere 
[9 (1, ¢2) + Fj (hi, te5 1, Te le, (2 = Aye 


Make t, equal a scalar ¢,, (which is sufficient for our discus- 
sion), separate the functions into scalar and vector parts. Then 


writing fj: = "oe A oe ica ah ee , our representation becomes 
2 
13) X; = fi (hi, te) + [pi (fr, te) + 2 fis (t,, t2) tT] € 
For the coordinates of the second kind, we have 
GBamees, Fits Sp 


14) Ree Jas Li = — 2% ty 


vie Pr Tia, Sie 


HKliminating ¢ between the two expressions for X25 and X33, 
we obtain 


15) —|/ir,/ie| X22 + | Fa1, faelkss = —|/s, Pal ur, Aral tl fi, Q1 Ss1,e2 
Far, Foa furfis fis aie ic fai) furfud 
By making use of the identity 
\Ais Sis Are 
16) Tas Seis) 22) = 0 
Ts, fa, S23 
this becomes 
— |fusSia|Xe2 + |fs1,fs2| Xs = Si | G1, As Ke 
Doh Sissi Po, fo1, f22 
Ps, Ss, S32 
mais P1 |F21,/22| + Po | /s1,/a2| + Ps SiS) | 
Sars Sve firs Si2 Sar Sia | 


We obtain similar expressions for the other pairs X33, Xu, 
and X11, Xoo. . 

Since we suppose here that SZ + 0, we know that any 
homogeneous form of the second degree in ¢,, f can be ex- 
pressed linearly and uniquely in terms of 4, 74, /s. Doing this 
for the various functions above, then substituting in terms of 
x; and representing the resulting expressions by single letters 
as follows: 


Tits Tie 
Tay Sie 


we obtain the following equations in coordinates of the second 
kind from 16) and 17). 


18) Ss = SOL Die ele alan Oe ae ag, 


19) KS, + #..S_ Xs 3-— (Gwe), Se Oy 


— $3 Xoo + So X33 + X12 = O, 
20) Seki SS i kag oa ee where S 4 =: 0. 
— S$ X14 + S1 Xoo + X3 2 am OF 


Sea eae 


It can be easily verified that the expressions .S; can be 
written in the forms 


21) Si = ait X1 + aigX,-+ aigX3, where ay, = i, 


and therefore that 


Then the equations 19), 20) are of the same type as 4), 5), So 
that the proper rays given by 13) or 14) belong to configura- 
tions of the type given by 2), 4), 5). 

We now turn to the discussion of the point-rays given 
by 14). Since we suppose SJ =+ 0, we can not find Tinite 
values for éj:43 tor which 7; — 0, (== 1,, 2, 3). ~Thereroresas 
order to obtain point rays, we must consider the cases for 
which #2 = 0 and tc infinite. From 14), we see that there result 
perfectly definite proper rays so long as #7 is finite. If #7 


becomes infinite, we consider X; as multiplied by \ a 
; ae 
and X; by — ae and the limit taken. Then 
22) fo. eee (i = 1, 2, 8), 
ets Tia 


Representing the X; - coordinates of rays corresponding 
to the value ¢ = 7,:t by ¥; %, and the point-rays corresponding 
to ¢ by 0, Xai, we can write the following equations by ap- 
plying the relations 16), 18), 21), 


Xi = Aj, 1 + aig X 4- aig X30) 
0 = XOXO + XOXO + XO Xea 
Eliminating X; Y and dropping the index (¢), we obtain the fol- 


lowing equation which is satisfied by the point-rays obtained 
from 14). 


23) 


Qiy, Aye, A13, X11) 
21, G22, Aes, X (29) 
24) <6 
Q31, Aso, Ags , X33) 


X11) 5 X22); X33), 0 


BAT nc at od 


From equations 19), 20), 24), we see that the configuration 
given by 13) or 14) is of the type given by 2), 4), 5), 8); or 

The configuration in the first natural continuum which 
is determined by the general quadratic parametric representation 
im dual variables is a dual conical congruence. 

Extending the name synectic congruence to such con- 
eruences of the first natural continuum as are obtained from 
the dual representation bearing that name, we may say: 


In the first natural continuum, the configuration given by 
the general synectic parametric representation of the second 


degree is a dual conical congruence, to which we give the name 


synectic conical congruence. 


§ 11. Parallel Pencils. 


Before turning to the remaining synectic quadratic con- 
figurations, we wish to make a remark upon the special type 
of expressions for the coordinates of all cases, and also call 
attention to a new grouping of the elements as they occur in 
the configurations and give the cross connections to the Pliicker 
continuum for such cases as have an interpretation therein. 


The expressions 14) and the discussion of the point -rays 
which is directly connected with 22) are in no way limited to 
the case SJ + 0. We know immediately that there is always 
a point ray corresponding to a given value of ¢, : 2%, and its 
coordinates are given by 22), in which we may multiply all 
the expressions by any convenient finite factor. Using Xi to 
represent. coordinates of point rays, and X;, X;; for some proper 
ray of the set. considered, we see that all the rays for a 
given value 7,:¢, are given by 


25) Ree Rec A eae 


Such a set of rays we will call a Parallel Pencil*. The 
rays of such a parallel pencil all have the same direction and 
all intersect the same oo! rays at right angles. The proof of 


* Dynamen, pp 203—4. 


BONY C9 tis SM 


this property will be involved in the discussion in § 17 and so 
will not be carried out here. 

As coordinates of such a pencil, we will use the quan- 
tities X; and X;; and an additional quantity which will permit 
us to determine some one, although arbitrary, ray of the pencil. 

Considering the quantities 25), we know from the funda- 
mental relation 2) of coordinates of the second kind, that 
2) Ki Kn —- Xo Xoo + Xs Kaa == OF and also 

x, X11) ae Xe X22) = Xs X33) = 0, 
must be satisfied, and therefore that 


Xe, Xp Xess Ki Ki Kee 
Kea) Xs) Kgs) Kar) Kir) Kees) 
where 2’ is used to represent the common value of the ratios 


Q’ may then be considered as a coordinate of the pencil. The 
remaining ones, we define as follows: 


i toi gee 


26) 


Gi Slee eg eae ae se 


P, Dy: Dz = Key: Keay : Xe). 
These satisfy the fundamental relation 
Hi B, +- Ho be -+ Bs Os = 0, 
so that the seven quantities 0’, 4;, ©; (4= 1, 2,3) are-essen- 
tially but four. They have the peculiar homogeneity that if 
2 and £; or 2 and @; (i = 1, 2, 8) be multiplied by the same 
‘scalar quantity, the pencil represented remains the same. 
Then from the relations 14), we immediately have the 
theorem: 
In every synectic quadratic congruence, the rays are ar- 
ranged in parallel pencils, or there is but a single point-ray 
in the set. * 


S 12. Envelope of the Planes containing the Parallel Pencils. 


For the connection with the ordinary geometry of three 
dimensions, in the cases where the rays belong to a Plicker 
continuum, [(X |X) == 0)], we use the following. 


* cf. Dynamen p. 294. 


OQ 


Draw a plane through the origin perpendicular to the ray; 
its coordinates are 


Meo Ub sis Us Otay ete 

The coordinates of the point of intersection of the plane 
and the line are 
27) Maye, whan Pao CLL erp aa taae «Ce 

For all the rays of a parallel pencil, we have 
Ho 2X1. Hes Hg = "91's EM! Key H'9 12+ MN Ken H':.H'3-- MN E53) X05 
WWINET Cra om, 2): W's te'n-Correspond t0-X;4) 77.01 25), 
and where Wi Wes Too iGo ae hae 

Then all the lines of the pencil lie in a plane whose 
coordinates are 


=H = a Yee 
> —3 “3, “1 mi, —2 


Pz , D; D; , P, P,, P, 
Substituting in the coordinates of the parallel pencils, 
we have 


[ry 


Math: the SU, ee. Mohs 


it ’ Tie 
Sica ’ Tie 


In the numerator of 2‘, we find the same expressions as 
enter in the right hand members of the equations represented 
by 15), but with the opposite sign. Then by the same re- 
duction and a division by 7; , we have 


Gi, Ju, frs 
28) Y= — Po, far, foe 
3, far, 2 


For u;, we have 


| acres J 
egy Dy —— 


O, fi, fol fs, Srs f2| fo» fro fre 
29) Up 2 Uy 2 Ug i Ug = 2‘ |—fy , for, fool: Oy Jot. faa fl 15 tars Soe |- 
Se, Sai, S32 ft » fat» foe ON ofeeeet en 


Writing Q,, Q2., Q; for the co-factors of the elements of 
the first columns, in all these determinants, which differ only 
in their first columns, we have 


* Dynamen p. 304 (13). 


— 30 — 


Uy 1 Uzi Ugitts = Qi Pi + Qe Po + Qs s: 
Oz fs — Os fa: Osfi = Or fs + O1 f2 — Oe fa. 
Therefore : 
In a synectic congruence of the second degree in a Pliicker 
continuum, the planes of the parallel pencils envelope a ruled 
surface at most of the fourth class. 


V. Configurations with dual Parametric Representations 
where SJ = 0. 


§ 13. Canonical Forms of Representation where SJ — 0 oe 
not all its First Minors Zero. 


We have found above, § 10, that the rays determined by 
a dual parametric representation of the second degree with 
SZ: 0 are rays of a configuration having a synectic equation 
of the second degree of the so-called general type, i.e. SA + 0. 
We will now take up the discussion of the nature of the con- 
figurations determined by those cases of parametric represen- 
tation for which SZJ=0, which have been excluded up to the 
present time. Here we will again use the form of parametric 
representation previously given: 


1) Ay = Moir ti? + 2 Mois ti te + Miaste?, (¢ = 1, 2, 8). 
In order to reduce our representations to certain canonical 
forms more convenient for our investigation, we will apply — 


linear synectic transformations which we represent in general 
by $, and which are defined as follows: 


pong fia a t,‘ a Oto’; tq. === CTs — Oty”; 
and we call © its determinant, where 
S = ad rae BCs 


After applying the transformation, we will omit the primes, 
and then, as in the preceding section, § 10, make t, equal the 
scalar fo. 


eee Lt 


For our present purpose, it is only necessary for us to 
follow the transformation of the scalar part more in detail. 
This we write 


2) Ror = Mey 012? + 2 Mire ty te + Mig to? , (4 = 1, 2, 8). 


_Further from the nature of these dual quantities, we find that 
the scalar part of the representation resulting from the appli- 
cation of Z to 1) is the same as that obtained by applying 7, 
the scalar part of &, to 2), where 


T= ty == ty! aa bt,' , to = ets: + Gites 


We can further separate such representations into two 
classes for which the corresponding configurations have essen- 
tially different characters: namely, A) where SZJ—=0 but not 
all first minors zero, and B), where SJ = 0 and all first minors 
zero. We will now discuss these two classes separately, in 
each case first reducing to canonical form. 

In class A), we make a still further division into two 
classes: a) where the three functions 7; do not have a common 
factor, and 8) where they have one common factor. Then by 
properly choosing &, with SD =: 0, we can reduce to the fol- 
lowing types, neither of which can be transformed into the other. 


QO) Xog = Mis 017 4- Mag 1s , 
B) os a (2 Mire ty se M29 ts) ty ’ 
where the quantities 1/;;, are not all zero. 
In both of these cases, we know that the coordinates 
Xi satisfy a linear relation, as . 7 
4) N, Kor sits Np» Xoo =f Ns Xos = QO, 
eimnce S.f==-0, ~ Hence 
All the rays given by a parametric representation of classes 
A) and B) form right angles with a definite direction and 
therefore belong to a planar complex. 
Then they all satisfy an equation of the form 
(Ni, Xs) + (NioX;) = 0, in which SM, = MN, GIr?*); 
where we define 
SEXY == OG AG) = (My, Xy + Mle Xe + Ny Xz ) . 


3) ie 1 OOS) 


Behari y)) Poles 


In case a), we obtain two sets of rays which belong to any 
one of the admissible directions; since there are two values of 
t,:t. for every admissible set of values Xo, : Xog: Xos. In special 
cases the two sets will coincide for all values of ¢,:f, but in 
general they do not. 

In case f), every ray is obtained but once. For admissible 
values of Xo, : X02: X03 for which not all the terms are zero, we 
have two values of ¢,;:f, but in one of them is #,—0. This 
however gives X,; = 0, («= 1,2,3), and for values depending 
on #,:¢ only, this is the only one giving this set of values; 
because otherwise our quadratic forms are such that SJ=0 
and all its first minors zero, and this_is expressly excluded in 
this discussion. 

In general; X77, = 1, 2,3,.7-++ &), contain both 77-and 
‘; t2 in the part independent of 7, and a transformation ZT can 
not be found such that ¢,¢ in a) or ¢,2 in #) shall disappear 
from all the expressions X,, and still reduce the scalar parts 
to the preceding types respectively. The cases for which it is ~ 
possible to perform the above mentioned elimination give two 
special types of the present class for both of which J= 0. 

The former gives the canonical form 


5) Qa) Xj ae Mer t,? = Mies to? o) (2 ite i 2, 3), 
which is still quadratic. For the other we have 

5) 8") X; = (2 Mire ti + Mies te) ty , (2 = 1, 2,3), 
which is essentially linear. 

In case a), all the synectic parametric representations for 
which J=0 are reducible to the form 5a;). This we prove 
as follows: 

Taking the representation 1) and applying the transfor- 


mation & for which $+ 0, and imposing the condition that 
Misi One &2 leo) ew Oat that 


either i ied erase or C= Oa 
Then, writing eM, for VM, we must have 
Mire == Misr ab +- Mioe2CO+Mir.bc, or 


Miro = Mi ap M29 d +- Mii2ad , (2 = 1, 2, 3), 


<2 


respectively. In either case, the necessary and sufficient con- 
dition for the vanishing of M1. (“¢=1,2,38) is the vanishing 
of the same determinant, namely that of the quantities M;1,, 
Mizz, Miz. This, however, is the necessary and sufficient con- 
dition for the vanishing of Z 


In case £), when J=0, we know from VI=0, that 
Misa = 4C, Mire + 2 Cg Miao , (¢ = 1, 2, 3), 


or, on account of the dual homogeneity of the representation, 
we may say that the form is such that 


Mitr = Co Mine , (@ = 1, 2, 8), 
and the general case under this condition is represented by, 
5 Be) Xi = (2 Mire tr + Mists) te -+ Co Mjooty?, (¢ = 1, 2, 3). 


This can not be reduced to 5 {,‘) by transformations & with 
SD-=- 0. For the representations of this class, in order that 
Mew —0a(t — 1,28) we ust have-c = 0; and: then 


Mii = 2 Miro OI Ae a? Co Mias ) (a = 1, 2, 3)5 


and since a == 0, this can not be reduced to 5 #2’) unless c, = 0, 
i. e. unless it was originally in that form, since otherwise all 
the first minors of SZ must vanish. 


We will now, however, exclude all cases #2) from our 
further discussion for the following reasons. In 5 f,‘) the ex- 
pressions all have a common factor t,, and then become linear 
after division by it, and the original representation was not, 
properly speaking, quadratic. The reason for the exclusion 
of the remaining cases, is that they also give rays which inter- 
sect a single ray at right angles, as will appear more clearly 
after the discussion of the point rays and of the configurations 
which have a correspondence in the Huclidean space. (§ 14). 
Every ray is counted but once, as we saw above; and all be- 
long to a congruence satisfying a linear dual equation, as will 
be seen from § 17. 


Rare 


§ 14. Coordinates of the Second Kind. 
Geometrical Description of the Configurations for Case 4A). 


For the further discussion of these cases, we will intro- 
duce coordinates of the second kind. Then as before, we have 


Bye ok he Lees Sis Ja 
Sis Pr Firs Fre 

For point rays, we must have X, = X, = #; = 0 or values 
reducible to this form by using the homogeneity of the system. 


For case a), we can not obtain ®, = #, = X;, == 0 for any 
set of values depending upon #,:¢, alone where both 7, and ?, 
are not zero, or one in which tc is finite. Now dividing the 
expressions for ; by (— 2c #; f,2) ‘ and those for ®; by —2rt 1s? 
and taking the limit for cz,¢,2 infinite, we obtain 


Myr ) M00 
M,, 115 M90 
which gives but a single point ray. 
For case 8), we found above that ¢, = 0 gave X= .X®# =X; =0, 
but we find that in this case ®1, = Xo, = X33 are also zero. 
Now dividing X; by ¢,"2 and &; by t,, we obtain 
7) Xi an (2Mits ty ae Mise ty) Z,'?, 
2 Mii. by M00 bo, PP; |= 2007 My12 ) Mee 
2 Mirt: + Myosts , Px Mire, Mi20 
Using eM, to designate Vt, as before, passing to the limit 
for tz = 0, and performing a division by 2 in Xj, we obtain 
8) oe some doe une Fela tae 29 ae (tty?) , 
Mie, Mie (2 = 1, 2, 3). 


— 2 12 : . 
,0= £, 2, 3) - 


feo ar uate Fake Sp aa 


x; = s (=e 


My12 , My 11 


Mi. 12 ’ Mi 


In this case, we obtain an infinite number of point rays 
unless Mii. = 4¢, Mizg + 22 Ming (¢ = 1, 2, 3), in which case 
they coincide with the one obtained for values independent of ¢, : fz, 
namely where cz, is infinite. Since, dividing by (— 27.3)” 
and — 2r¢.3 (instead of as in 7), and taking the limit, we have 


My12 : M20 
M22, Mise | 


epee ti ; (¢ = 1, 2, 8). 


This point ray belongs to every set of parallel rays of the con- 
gruence,- whatever the direction. 


Recalling the reason for the introduction of -coordinates 
of the second kind, we see by referring to 27) § 12, that the 
point-rays and the points on the plane at infinity have a one- 
to-one correspondence with each other and, in fact, can be 
considered as essentially the same.* We may then speak of point- 
rays as lying on loci in the plane at infinity just as we speak 
of the points in that plane. Using this idea and also that of 
parallel pencil as introduced in § 11, we may summarize as follows: 


In class A), the rays having the same direction he in two 
parallel pencils which are different in case a), and are coincident 
in case dz); and but one for every direction in case 8). In both 
cases, all the parallel pencils have the same potnt-ray in common: 
in a), there are no other point-rays; in 8), there are -! other 
point-rays, all on the same straight line in the plane at infinity. 

Using 7= 1 or 2 according as we have case a) or 8), 
the coordinates of the parallel pencils are 


=f, 0, = ities 2 Oe 


and for 2’, substituting in the expression 28) §12, we obtain 
Pi, Mir, Mize 

Q! = — | Ye, Marr, Moss 

Ps, Msi1, Moses 


In order to obtain an interpretation in ordinary Euclidean 
space for such cases as have a representation therein, we sub- 
stitute in 29) § 12, and obtain for the coordinates of the planes 
containing the parallel pencils: 


Uy 1 Uy 1 Ug 2 Uz = 
O, Mitr, Mire ts, Mist, Mise | |\—fo, Mirr, Mize 

02’: | —fs, Marr, Meee |: 0, Moy1, Mase |?| fi, Moir, Moo 
fe, Msii1, Mse2| | —f1, Mair, Maze 0, Ms11, Meee 


we 


* Dynamen p. 261. 


He SG ee 


or, designating the co-factors of the elements of the first column 
of all these determinants by k;, k., ks respectively. 


Wi My age aha 
ky fi + ke Po + ks Ps: ko fs—ks fo: ks fi—ki fs: ke fi—kihe - 
By substitution, we can verify that 
ky Uy + Re Up + Re Ug — 0, 


and therefore all the planes are parallel to the lines whose 
direction-cosines are proportional to k,: k,: ks. The expressions 
for w; are all quadratic functions of ¢,:¢,; which all have a 
common factor ¢,, in case 8. In case az), the term ¢, t, does 
not appear in the expression for 2’, and the coordinates uw; be- 
come linear functions of 7,2: 7,2; in case #2), 5; and 2 all 
have a common factor ¢, and on account of the homogeneity 
belonging to the system, we can. divide by it. Then 5; , 2 
become linear in ¢,:f,, and as @; are all constant, we con- 
sider the representation as not properly quadratic and so to be 
excluded, as has already been done in § 18. 


We will now collect our results after giving the following 
definition. 

A cylindrical congruence is the totality of all those tan- 
gents to a cylinder which are perpendicular to the generators 
passing through the points of contact. 


The rays of the quadratic synectic congruences of Class A) 
form a cylindrical congruence, in which the cylinder is of the 
second class. In case a), the cylinder is elliptic or hyperbolic; 
Mm CASE G2), 1t 18 a straight line counted twice: and in case 8), 
wt 1s parabolic. 


§ 15. Canonical Forms when ‘all the First Minors of SZ are 
zero. Geometrical Description of the Configurations. 


In class B), from the condition that all the first minors 
of SZ are zero, the functions 7 must all contain the same 
factors. Again we divide into two classes; a) where the two 
factors are different, 8) where they coincide. The two cases 
can then be reduced to the canonical forms: 


{ a) Kot = M int to% 
ESD) fee Mite? , 
Writing the representations some-what more at length, we 
have for the two cases, respectively: 

| a) X, = Mirytyts + (QD; + Mi1et,T) & ) 
| p) X; = Mist? +- Pi. €, 

For the case a), however, on account of the dual homoge neity, 


we can drop the term M1. ft ce in X;, and can then rewrite 
in a single form for the two cases 


9) (i = 1, 2, 8). 


10) (fem Fale 3) 


11) KG = Mets to Pi. €, (pean 2, 3), 
where / is 1 or 2 according as we have-case a) or 8), respec- 
tively. From this system of equations, we can say: 


In class B), there are only o-1 proper rays and they are 
all parallel, 


It follows from 11), that all the rays given by this re- 
presentation satisfy the synectic equations represented by 


Ore X) ; (Ne x) ae € (Nts X) 3 (Ny X ) a) () : 
where the quantites Jt satisfy the conditions 

Nis My -+ Nie Ms + Nis Mg = 0, @—= 1,2, 3), 
and Nur, Mts, Jug are entirely arbitrary. 


The coordinates of the second kind are given by the 
equations | 


| M; ’ Yj t te ’ 
12 Ke == Mi tte 5 kip = 1== 1, 2, 3), 
) 1 be Me pe (4 1 ) 
or, after dividing X; by (4 ¢.)'? and X; by t te, 
See ME 0 
tee Me Vip ts i ee : eee MOD 352 ko 
XK. Vti te Me Ge (2 Fi 2ano) 


Taking the limit for ¢ ¢ equal zero, we find the coordinates 
of the point-rays. In case a), we have two point rays, one for 
each of the values 4, = 0, and ¢#, — 0, except when Mjo2s = 
cM, and M,1, — cl; (i = 1, 2, 3), respectively. In either of 
these cases, the M corresponding can be made to vanish by 


Sees es 


multiplication by a properly chosen dual factor, and the para- 
metric representation 11) reduces by dividing by the corres- 
ponding #. It is then no longer a quadratic representation and 
is excluded. In case #), we obtain one point-ray, unless M;1, = cl, 
(i = 1, 2, 3). Here, as in the preceding case, the representation 
reduces under these circumstances, and is excluded. 


Summarizing we have: 
For the properly quadratic parametric representations of 


class B), we have two point rays in case a), which coincide i 
Mix, = CMjo2 (4 = 1, 2, 8); and but one point ray in case B). 


We will now pass to the Huclidean geometry, and deter- 
mine the nature of the totalities of lines given by such: re- 
presentations. We introduce the following relations already 
given in § 12. 


Ko ii gt Weg = TKS ee eae etee | 
From 12), by cancelling the factor 4 ft, we have 


M,, $2 . 
Ms, 3 


< M,, i 
Mz, , (2 


Ms, Ps 


Mo: Wy: Wy: Os —= tty (MM) : ante 
1; 1 


- 


We also find that 
MM, «, + My x, + M, x; = 0, 


and we conclude that the points «; all lie on a curve of the 
second order, or on_a straight line counted twice. Hence 


The proper rays given by a properly quadratic representa- 
tion of the class B) are the generators of a non-degenerate 
cylinder of the second order, or they form the rays of a parallel 
plane pencil counted twice. 


Vi. General Descriptive Properties of Dual Conical 
Congruences. 


§ 16. Discussion of the quadratic Equation in a single 
dual Variable. 


Before taking up the discussion of properties of the dual 
conical congruences, it will be necessary to introduce some 
preliminary considerations which have to do, 1) with the so- 
lutions of equations in a single dual variable, in particular, 
with the quadratic equation; 2) with the configurations of the 
ray geometry which are represented by linear homogeneous 
equations in dual variables or their corresponding equations in 
coordinates of the second kind. 


Let f, (x) represent * 


fit lees Moet Cried SS te a Beith 
—=f(w)+[f'(w). §+ pl) Je, 
where 
J (ee) == & x” + a wx" + ay wr? oes + Ay 
QP (%) = Gy xe + Oy "1 + Og Fee ee es ae 
iff (t) == 0, then both f(~) =——-0 and./! (a). & +p (7) = 0; 
and we may have the following cases: 
1) f‘(~) + 0. Then € has entirely definite values. 
2) f' (x) = 0, If @ (w) + 0, can not have finite values; 
but if g («) = 0 also, € is entirely indeterminate. 
Turning now to the quadratic equation, we will find the 
condition in order that the ratio of the two roots shall be scalar. 
We write the resulting equations as 


1) hy X28 + ay x +a 0. 
dy ae (2ae+a) fF + (qv + a,x+a,)— 0." 


Calling #1, x2, &, &, the values of « and & which satisfy 
these equations, the ratio of the two values x, : re is 


Mite—%+& ei:a2+ &e. 


* Dynamen pp. 197—198. 


i” veep pee 


For this to be scalar, the necessary and sufficient condition is 
My Ey = Wy bg SE POR Ao. wo cee eae 
Substituting in this equation from 1) and 2) and rewriting in 


terms of the coefficients, this becomes 


3) Gy Os dire e Of armas cies U1 eee 
ao? V a,2—4 ao As 


AS we -'will. cere Cee tT et se (0Ce C. Cs 
we have a necessary condition, as 


4) Ap Oo Ugo dy Gj Ue —— 2 Up Os U4 == Ue 


and as long aS dp (a; — 4a) a2) + 0, it is also sufficient. For 
ay) = 0, and 4) also satisfied, the ratio is either a finite scalar or 
infinite. However, when 4) is satisfied and also a,2 — 4 ay ag = 0, 
(except when a, = a; =0 OYr.a@o = a, = 0),> 6 has Dordenma 
value, as these are the conditions under which both terms in 2) 
vanish; similarly when a; = az =-0:0r dy = a; = 0, and ay = G4 
= a2 = 0, € is indefinite. Further cases will not be discussed, 
as we need consider only cases where dp = 0. 


S 17. Normal Nets. 
We will now consider the linear dual equation * 
5) ees (CX) ee Ke Us Xo+ Uz, Xs =O: 


This expresses the condition that the ray X; intersects the ray 
U; at right angles. If U; (¢ = 1, 2, 3) are constants, this equation 
defines the totality of rays X; which cut JU; at right angles, 
thus giving a congruence to which has been given the name 
Normal Net. The ray JU; is called the Principal Axis or 
Directrix of the normal net. The quantities U; may be con- 
sidered as the coordinates of the normal net, and then we 
obtain the same kind of reciprocal relation, in this geometry, 
between ray and normal net in combined position as holds in 
plane geometry between point and line in similar relation to 
each other, and also a corresponding relation between the dual 
collineations. 


* Dynamen p. 202. 
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Taking the coordinates of two rays as X; and X2, and 
forming 


6) a [, X1 + le Xe, 


where [, and {, are dual quantities, we find that if X, and X, 
satisfy 5), then all the rays given by 6) also belong to 5). 
Also, if X, and X2 are not parallel and satisfy the equation 5), 
then all the proper rays of the normal net are given by 6). 
Further all the proper rays of a normal net 5) which have the 
same direction can be obtained from any two of them by the 
formula 6), where [, and [, are scalar. Also that the equation 
of a normal net determined by two non-parallel rays X, and X2 is 


Xi $ Xe , X13 
(UX)=(% XG Cr gre aXisy Xoo, Xo == (i. 
xX ’ Xe 5) Xs 


Writing U=wu-+ve, and forming the equations of the 
normal net 5) in coordinates of the second kind, we have 


7) oh, HE Se ty X, ES Ue Xe Ua Xg = 0, 
Sole Kop 1 Ue Kan == 0s 
. 8) us X14 Ma Ken e htee 
—Uy Xyy 0 + Uy Kae + Xo —-0, 
where — Be vere 1S ate Kp Ug ans 


We find a single point-ray in this configuration, namely, 
Kies Ryees 1 5 (Ge 2 8) 


which belongs to the family of normal nets for which SU; =u; , 
(i = 1,2,3), i. e. which have parallel directrices. We may 
also say that the point-rays are determined by the directions 
in which they lie, and from the above we see that the coordin- 
ates ku (= 1, 2, 3) give the direction. 

Now forming the coordinates of the whole family of 
parallel rays obtained from the two pier by ity fa? and X;, 
on @) we find them to be . Ree 

a 1 Ait ar bt id 5 kere at 
ty Gi ki DEAT TEE. e 


This may be written 
ly 


a= Ki Keg = EM 
ieee tae x ti) A AL, 


(X; 2) —¥; ) ) (2 are ib 2, 3) > 


which is of the form 
9) he = 05% i = KT a 
already used in § 11 in connection with parallel pencils. 
We have 
ls 
pond pinta Ee Sep aeds ee) yin ee) 
A ers and Xi) han kay . 
From equations 8), X@) are the coordinates of the point-ray of 
the net 5) and therefore u; = Xj); from the same equations, 
we see that w= 2! of 26) § 11. 
We see that the rays 9) belong to the normal net whose 
directrix is 


U; , VU; 


Uu= UY, Y= } C= i 2; 3). 


Ux , Uz 


Indeed, they belong to all those normal nets whose direc- 
trices are 3 


Uy, Xj 


aes ee 
Uy, , Xr ( ) 


Ui, Ug HE UX OL Cy = ug; Op ae 


Hence we have the result, that 

All the rays of a parallel pencil belong to a family of 
normal nets whose directrices also form a parallel pencil. 

We will give the name proper normal net or simply 
normal net to such as have a proper ray for directrix. 


$18. The Rays common to a dual Conical Congruence 
and a Normal Net. Tangent Normal Net. 


We will now turn to the discussion of the conical con- 
eruences, and will first prove the following property. 

If a dual conical congruence contains two parallel proper 
rays, it contains all the rays of the parallel pencil determined 
by them. 


We will use the dual equation. Then 
1, = Si X3 + Sd Kar + S3Xio = 0. 
Let the two parallel rays be given by Xi + eX, and Xi + eX';:, 
(¢ = 1, 2,3). Then all the rays of the parallel pencil are 
given by 
(Z + L') Koi 1 8 (2.97: —{- L Ka) ) (2 = 1s 2, 3). 
Substituting in X, we obtain 
~+l) @X4+ 13) = 0; 
since 2 = 0 and 2 = 0 by hypothesis. 

From this it follows as a corollary that 

If a dual conical congruence contains three parallel rays 
not in the same parallel pencil, it contains all the rays of the 
bundle to which they belong. 

Also | 

The parallel rays of a dual conical congruence can be 
arranged in parallel pencils; as we have proved before for 
the dual parametric representations only. Since to every ad- 
missible set of values X; + 0 (¢ = 1, 2, 3), we have an in- 
finite number of rays which belong to the congruence. 

We will now prove the theorem: 

Every normal net has at least two rays in common with 
a dual conical congruence. 

Take two rays of the normal net which are not parallel, 
as X, and %,. Substituting [, X, +l, X, for X in the equation 
S = 0, we obtain 
10) 1? SM. + 2hils Bie + L269 = 0 
for the determination of I,:1,; where G® and G® are the re- 
sults of substituting XY; and ,% respectively for X in ©; and, 
after writing 


1 66 
6; Pie Q Ox; ) 
11) Bie = Xo1 G1 + Xoo So) + M3 S30) = 


1 10) % L ( sce 
= (% Seal Me DyAGy: fen) 


SRA Act ree 
Representing the discriminant of 10) by D, we have 


D == B12” ei Sieo) 6) and SD == Yee S@ SS) Y 


For our discussion, it is convenient to choose X,;{ and — 
Xoi®) in a special relation to each other, namely, so that Pi, = 0, 
but S@ + 0. Then for the discriminant of the scalar part 
of 10), we have 

SD = SMS@e 

From the condition that S@ + 0, we know that 7; is ar- 
bitrary and can be taken different from zero. Placing fh: = 
in the equation, we know from our previous discussion of the 
quadratic dual equation (§ 16), that so long as S') = 0, we 
have two and only two different values of [, and therefore 
there are two different non-parallel rays common to the two 
configurations. 

It SO’'—= 0, we have two cases according as 2@ is or is 
not zero. 

If #® = 0, X, is a ray of the congruence and we obtain 
an infinite number of values for {, all of which have the same 
scalar part, 7 = 0. Then the normal net has an infinite number 
of parallel rays in common with the congruence. Their coord- 
inates are 


12) ly X41 + eh, Xo, 
and they all belong to the normal net. 
13) BS X61. X, S24 + Xy S30) = 70 


This normal net, we will call a Tangent Normal Net of the 

dual conical congruence at the ray X;. In fact these rays 12) 

belong to every net of the family whose equations are | 
SoM Koa) Ry ¥Xo3 (0) 
S33 SiO F510) ) 


) =. 


If 3® + 0, we find / is infinite, so that then we may 
possibly have point rays and no others. For this we must 


13’) XxX (sx —: El 


)+ X,(G," + 6M 


Si), Xo 


at X3 (c0 + eu 50) X90 


where mw is an arbitrary scalar. 


“a4 
(fra 
i io 


Caer Rese 


make a special investigation to determine whether the normal 
net & = 0, where L = Xo. Si; + Xoe So +- Xo3 $3 , has point- 
rays in common with © = 0 or not. 


For the point rays of 8 = 0, we have 
14) ey Xo9) 2 33) SS) SG : So(t) : S,(1) . 


From the theory of the Conic Section, we know that 
SO: S$, : S$; satisfies the equation S = 0 if S*) = 0, and 
therefore from § 9, this point-ray belongs to the congruence. 
It must be counted twice because / is a double root of the 
scalar part of 10). 


For the case where all the first minors of SA vanish, we 
remark that SD is always zero since S = &;.S?; and 
Pee, 9,10 "S; ©) cand SO) == O--since< Sp Ol SO (ns 2B): 
As before, we have the possibility of point-rays and proper 
rays. Again, from §9, we saw that the field of point-rays was 
always included in the configuration in this case; but from 
the present discussion we conclude further that it must be 
counted twice. 


We have also 
SS Bh SY SL) Fe QM 9 OO) 
where .S; * indicates that Xz has been substituted for X,; in S;. 


If Q4 = 0, whether on account of 2= 0 or not, we see 
that X, is a ray of the congruence and that the normal net 
has an infinite number of parallel rays in common with © = 0, 
whatever X, may be. Their coordinates may be obtained as 


before in 12). 


If 2=0 and S@) = 0 and in addition S®@)= 0, equation 
13) becomes an identity, since then both 1, and X2 belong to 
the congruence and [.:{, is arbitrary. Then all the rays of the 
net belong to the congruence. This case belongs to the type 


' X,2 == 0, and, as we shall see later (§ 25) is exceptional. 


If 2 + 0, we obtain only a point ray to be counted twice. 

In the preceding discussion, we have proved the following 
theorem, in addition to the one stated at the beginning of it. 

If X, ts a proper ray belonging to the dual conical con- 
gruence © = 0, the normal net 


EE hae ee 


R= XxX; 6,0 + X, Su + X, S,'!) = 0 
and © = 0 have an infinite number of parallel rays in common. 


This includes as a special case the theorem, previously 
proved, concerning the distribution of the rays in parallel pencils. 


S 19. Reciprocal dual Conical Congruences. 
Now if we write 
15) 6; = a1 41 + tig Xe ig Ass oe tO, SO = oe 
15’) U, X + U, Xo? + U;X3 = 0, (Qin = Gix) , 


we can eliminate X; from the four equations and will then 
obtain an equation which must be satisfied by U;, as follows 


Qid oie 5 es U, 


eat (21, C22, (123 ; OF 
16) 6S = pat 
Osa au eae eae ea Us 
Soar Sh shame Eee s 5) where aiz == Qe } 


which we call the reciprocal equation of G = 0, and the cor- 
responding configuration is the reciprocal dual congruence to 
GS =o. For the canonical forms of the equation G = 0, the 
equation 16) takes corresponding simple forms. 

li S4+0, by means of 15), we can find an X corres- 
ponding to any U of 16), i.e. to any ray of the reciprocal 
congruence, we can find the corresponding ray of the original. 
Then we conclude that: 

If SA==0, every proper ray of the dual conical con- 
gruence is the directrix of a normal net which has an infinite 
number of parallel rays in common with the reciprocal congruence. 

We will now prove the converse of this theorem, and for 
simplicity will use the canonical form for the equation. 

When S4+ 0, if a normal net has an infinite number 
of parallel rays in common with the dual conical congruence, 
us directrix belongs to the reciprocal congruence, 

Let the equation of the congruence be 


eI EI by Ecaracal 


171) 11 X47 + Ae Xo + 33 Xs? = 0, 
and that of the normal net 
172 ) a, X, + Ae X2 + as X3 — 0 


The common rays must satisfy the two sets of equations 
18) f au Kor? +- Gee Xoo +- Ass Xo32 —= 0, 

\ Ay Xor + Ag Xoo + Asks — 0; and 
41 Xo, Log + Aee Koz Xsi + Age Xog X1g + Q — O, 
Ay X2g “+ Gg Xs - ag Xin +O — 0. 
Hach of the equations 19) is satisfied by oo? values for X,., 
but when each is taken in connection with the corresponding 
equation of 18) and the dual homogeneity also considered, we 
find but oo! rays for any permissible values X,;. Under the 
condition that 17,) and 17.) shall have an infinite number of 
parallel rays in common, the values of X, corresponding to 
those of X,; obtained from 18) must satisfy 19). Therefore 


| 


20) ay Kor 1 Ay == Aga Xog: Az —= Aggko3i ag == Q: a4 Xo1+ A. Xo. +- G3 Xos=R. 


From the first equation of 18), it follows that 


a? a2 Ag? 
14 Qe 33 


21) — 0. 


By substituting in the last equation of 20) values of & properly 

chosen among the first three of 20), we obtain 

Cy Ayy Xoy? ag ee 98 Xoo” Sard; Ge Aas Xos” 
Cy Qs 3 


Q — —= 0. 


Then substituting for X,;in terms of a; from the first three 
ratios of 20), we have 


22) 20, ay 2 Ag Ay 2013 Az 
any 9 33 
O14 ay? Co2 A 33 a3" 0 
+ 2 == 2 9 ° 
O11 A* 39 a”33 


Equations 21) and 22) are, however, the conditions that the ray 
whose coordinates are a;:qa2:a3 shall belong to the congruence 


ee RA eee 


2 2 2 
ON EU ae Ose Rae 
Qi1 (122 (133 


which is the reciprocal of 17) 

From these considerations, we see that for S 4+ 0, the 
congruence and its reciprocal supplement each other in a way 
exactly analogous to that which occurs in the theory of the 
Conic Section. Also when SA=0O, we expect the reciprocal 
relation to break down in a very similar way. 


§ 20. Distribution of rays in Parallel Pencils. 


We will now prove two theorems concerning the distribu- 
tion of the parallel pencils in the congruences; one theorem ~ 
for each of the two principal classes I and II. 


First: When A + 0, to every permissible direction corres- ~ 
ponds a single definite parallel pencil. | 

We will prove this by proving that there is but one point- 
ray for every such direction: since from the preceding dis- 
cussion (§§ 17, 18), we can conclude that if there is more than 
one, then the pencils are not determinate, and conversely. 

We will use the equations in coordinates of the second 
kind and also the properties of the expressions in dual coordinates. 


23) S = 0, 
—S3 Xoo + Sp X33-+ X; 2 = 0, 
24) S3 X11 , — S; X33-+ 42 2 = 0, 
— Se X11 +S; Xoo + X30 = 0. 


In these equations 24), we substitute £/;+- AXqi for Xi, Where 
x';, represents the X;-coordinates of a definite, proper, but.- 
otherwise arbitrary, ray corresponding to a set of values &; 
satisfying 23), and we find that X(,, must satisfy the equations 
Se See, 
X11); X22) 5 Xs) 


These give perfectly definite values for Xg, unless S; = S:=S3 = 0: 
If SA + 0, this can not occur. 


25) = 0, 


Age 5 

If SA = 0, this may occur for those values of #; for which 
both factors of S = £, LZ, vanish simultaneously. In this case, 
Q must also vanish for this set of values, and therefore it has 
the form 

2 Q = AL, Ly + (Ay Ly -+- A; Ls) Ls, 

where LZ; is a linear homogeneous expression in X,, X2, X3. Re- 
turning to the expression in dual coordinates, we find that 
6 can be written 


oa Cree +- lig Xg + Lis X3) (lo4 X1+ lee Xe + les X3) (1+ A8). 


Ii-this be so, we have not only SA = 0 but also VA = 0, and 
this is excluded by our hypothesis. Then, in case /, B, ie SA = 0, 
there are no proper rays for which both factors of .S vanish. 
Therefore our theorem is proved. 

Second: If4 = 0, and not all first minors of SA are zero, 
there 1s one direction for which the rays do not lie in entirely 
definite parallel pencils; if all first minors are zero, there are 
no entirely definite parallel pencils. 

In the preceding discussion, when SA = 0, we found but 
one direction for which we could possibly have an indetermin- 
ate arrangement of parallel pencils, andthat this could happen 
if and only if G could be written as the product of two linear 
homogeneous factors, z.e. A = 0. This proves the first part of 
the statement. 

If all the first minors of SA are zero, we know. that 
See 5s LON account Olas, = 0 and: that there is:no 
other restriction upon the values of Xj) than that 


Ky X11) + Xe X22) es X33) 0s 


and therefore the rays are arranged in an infinite number of 
parallel pencils, for which the point-rays lie in directions per- 
pendicular to the rays considered. Our proof is then complete. 


Introducing in 24), the values for S$; in terms of Xi) as 
obtained from 25), we find that the values of 2 so obtained 
-are exactly those which we have in equations 56) §11 and 
which defined the coordinate / of the parallel pencil. We 
can therefore use 2 as that coordinate so long as S; + 0 
feet 2,3). 


ee 
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Vil. Geometrical Description of the Configurations of 
the dual Conical Congruences. 


§ 21. Accessory and Absolute Congruences. 


We stated early in our discussion (§ 1) that, except when 
1) (E/E) aA 0", 


there was a unique correspondence between the rays of this 
system and the lines of the Pliicker continuum, and that when 
1) was satisfied, the correspondence no longer retained that 
character. 

In the ray geometry, equation 1) defines the so-called 
Accessory Complex.* In it are included congruences to which 
may be given the general name Accessory Congruences, among 
them, all those of class J, A,c) (§ 7), which we may call the 
Accessory Dual Conical Congruences, and also the whole field 
of point-rays. Included in these accessory congruences is one 
in particular, whose equation is : 


X47 + X_2 +- X3* = 0, - 


and which is called the Absolute Congruence and which con- 
tains the so-called Minimal-rays.+ These Minimal-rays and the 
point-rays are the only ones in this accessory complex which 
have any corresponding elements in the Pliicker line-continuum, 
and in these cases the correspondence is not unique. 

For the description of the congruences, we will adopt the 
general form of the equation given in 9) § 6, using however 
the general classification of 17) § 4, by not distinguishing be- 
tween a) and 0). We exclude class c) when we go to the 
Pliicker continuum for the reasons indicated just above. We 
easliy pass to the equations of class c) by the transformation 


X;! = Vay X; 


* Dynamen. pp, 286—287. 
* Dynamen. pp. 286—287. 
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S 22. Configurations of Class 74. SA +0. 
We will take the equation as 
23 11 X12 + doe Xo” + ag3 X32 = 0. 


We «may then: consider... S— 0 asthe -equation of a cone, 
with the origin as vertex, whose generators determine the di- 
rections of the rays of our congruence. Taking X; (2 = 1, 2, 3) 
as proportional to the direction-cosines of a generator of the 
cone, we find the equation of the tangent plane along this gen- 
erator to be 


3) Ai, K1 Hy + Aog Koo Xq +- AszgX33H%3 = 0. 


From 25) § 20, it follows that the point-ray corresponding to 
Xx; has the coordinates 


has) 0 kas (7. At 2. 3), 


and is therefore determined by the normal to this plane. Hav- 
ing determined one value of X, (¢ = 1, 2, 3), the parallel pencil, 
containing the rays given by &; is entirely determined. 

Now passing to the Pliicker continuum and introducing 
the idea of the plane containing a parallel pencil, we have from 
3), 18)-and 13) § 18, ‘that: | 

The plane containing a parallel pencil of a dual conical 
congruence of the general type coincides with that of the cor- 
responding parallel pencil of its reciprocal and is perpendicular 
to the two tangent planes of the cones S = 0 and S = 0, through 
the corresponding rays, one in each cone. 

When Q=0, since Xi, = X22 = Xsg3 = O are X, - coordi- 
nates of one ray of the congruence having any of the permis- 
sible directions, i. e. the ray of the cone is a ray of the con- 
gruence, we obtain a very simple method of generating the cor- 
responding congruence: namely, 

Draw those normal planes to a proper cone of the second 
order (i.e. SA = 0) which pass through the vertex, and in 
each plane construct all the rays parallel to the ray of normal 
intersection. The totality of rays so obtained makes up the rays 
_ of the congruence including the potnt-rays, which may be con- 
sidercd as those rays of the parallel pencils which lie at infinity. 


SA Om ake 


If Q is not identically zero, we may consider that after 
the planes and parallel pencils have been determined as above, 
each plane with its parallel pencil is translated parallel to itself 
toa position determined by X; (i = 1, 2, 3) and which is given 
by the formula 27') § 12. 

A corresponding procedure would give the reciprocal con- 
geruence. However, after the original congruence has been de- 
termined, the reciprocal can be obtained more easily as follows: 

In every plane obtained for the original dual conical con- 
gruence, construct all the rays perpendicular to those already 
found. The totality of new rays obtained constitute the reciprocal 
congruence, 


S 23. Configurations of Class J, B,a and 6. S4=0, 4 = 0. 
For this case, the canonical form is 
A) yy X27 Agg Xo? + & (041 X41? + Gog Xo? +- Ag X37) = 0, O11 A22 G33 += O- 
Writing 6,;=+-V ay, b =+ )V — dz, we have 


5) S == L, Ly == (d, Xi—be Xe) (dy £1 + be X2) = 0. 
From this equation, we obtain the values 
6) GRRE, oe eed a sre 


where o is an arbitrary scalar. 
From 25) § 20, we have 


Ki) + Kos) 2 Xiesy = Sy: Sy t Sg. 


Substituting the values of X; from 6) in these expressions, we 
finally obtain the following values for the coordinates of the — 
parallel pencils, 


pelt ae Ae Ho = +b; Ss 0, £2! = (041 bo? 4- ee 612 + gs 0?) 
Dy 202g, De rh 2b; 0525 Pa t=O, 


in which we use the upper or the lower sign according as we 
use those values of X; which make the first factor or the se- 
cond one of .S vanish. | 

Then the rays of the congruence belong to two planar _ 
‘congruences, the rays of which are arranged in parallel pencils 
and are perpendicular respectively to the directions given by 


Ree re pes (usher hte 
_ + = ‘ re 4 ; 4 
mar > , ' : , s 


Way CR Rest oe 


7) bath tiors 0; 


Turning to the Pliicker continuum, we find that the co- 
ordinates of the planes for the parallel pencils of the two sets, 
respectively, are 


8) Ug 2 Uy. 1 tet Us == 

(dos 6,2 + O14 Osa 033 07) ; ee 2 b, by” 0: Z b,? bs Q 4 aE 2 b; bs (1,2 +- b?). 
From 7) and 8), the planes of each set of 8) are parallel re- 
spectively to the corresponding direction given in 7). Since 
the coordinates in 8) are expressed in quadratic functions of 


the single variable @, the planes must envelope two cylinders 
of the second class whose equations are: 


Vay Uj ae Vidas Uo O, 
9) C33 (a*,4—a@g9) Uy; U2 =H V—ay Ae (A414 O22— Age 011) Us? 
— 2 Ay1 Aes (Q11—22) Uy U3 == O. 


They are both parabolic cylinders. 

From 8) and 9), we see that each is separately symme- 
trical with reference to the axis of #3, since if wou, ! Us us 
satisfy the equations so do uo :—u,:— 12: u3 also. Then both 
cylinders have this axis for a common diameter of the two right 
sections given by the planes. 


Uy. Uy 1 Ug? Ug = 0:0,: + bo: 0 respectively. 
They are also symmetrical to each other with respect to the axes 
of «, and a2; because when uo: t : Ug : Us Satisfies one, — uo : —2; - 
Us Uz; and — U1 u,:—U.: uz satisfies the other. Then we con- 


clude that the two right sections are parabolas if a, — @g2 + 0. 


We may state the result as follows: 


Given two parabolic cylinders, the diameters of whose right 
sections are parallel, and which are also symmetrical with reference 
to a line at right angles to their common diameter, then the 
dual conical congruences of class I, B,a) contain the rays of the 
two cylindrical congruences, each of which is made up of those 
rays tangent to one of the parabolic cylinders which are also 
perpendicular to the generators through their points of contact 
and the limiting point-rays; it also contains all the potnt-rays 


pe eae ee 


which lie in the plane perpendicular to the common principal 
axis, each counted twice. We note further that the proper 
rays of each of these two cylindrical congruences are such as 
are represented synectically in class A, 8) of §§ 13— 14, 


If ay, = a2, we may take it as unity and then 9) becomes 


9’) Uy 2 Uy: Uy 2 Us = (eg — Oy + Ogg 07): + 20:270:0 

The planes are then arranged in two pencils of parallel planes, 
which are tangent to the absolute conic in the plane at infinity. 
Each plane is counted twice, as each contains two parallel 
pencils. These two pencils are such that the two points in 
the plane at infinity determined by them are harmonic conju- 
gates with respect to the point of tangency with the absolute 
conic and the point determined by the lines of intersection of 
the two, sets of parallel planes. The point-rays all lie in the 
chord of contact since they lie in a plane perpendicular to the 
lines of intersection of the two sets of planes. Then: 

In class I, B, b), the point-rays lie in a definite line in the 
plane at infinity. The proper rays are arranged in parallel 
pencils which lie in two pencils of parallel planes, each of which 
touches the absolute conic in the plane at infinity in one or the 
other of the two points of intersection with the line of the point 
rays. In every plane, there are two parallel pencils which deter- 
mine two points on the corresponding tangent which are har- 
monic conjugates with respect to the point of tangency and the 
pole of the chord of contact. 


§ 24. Configurations of Class II. 4 — 0. 
A. First Minors of SA not all zero. 
The canonical equation is 
10) C11 X17 + Geo Xp? == 0, Ay; Ao2 + 0. 
Placing 6; = + Van, be = + V—aee, we have 
(6; X1—be Xe) (61 X1 + be Xe) = 0. 
This is satisfied by all the rays of the two normal nets, 
by AX4——b; Xe ==".0, 3 and < -by-Xy-E bake = 


2 Nt eee oleae 


and also by all the rays which satisfy the two factors of S = 0 
simultaneously; namely, the bundle for which 


yeh ae oe st Om ke 


each of which must be counted twice, since these are double 
values for S=0. There are no other proper rays than those 
just mentioned. The point-rays satisfy the equation X(33)? = 0, 
and are those belonging to the parallel bundle as limit rays; 
each is to be counted twice and so can be considered as be- 
longing to the bundle. Therefore: 

A congruence of class II, A consists of all the rays belonging 
to two proper normal nets with non-parallel principal axes each | 
vay to be counted once; and the rays of the parallel bundle 
whose direction is given by the common ray of the two nets, 
along with the limiting point-rays, each ray and point-ray to 
be counted twice. 


§ 25. Configurations of Class Il 4 = 0. 
B. All first minors of SA zero. 


The canonical equation for all the subclasses is 


a} X72 aaa € (Cas X32 +- O33 X3") sae () 
This gives | 
: S == £21 = 0, 22° Ae2 Xo? + O33.X8", 
pe? | 5 (Ete = 0. 

a. Oe2 133 tL 0. 


From 12), we see that all the proper rays must have one 
of two definite directions, and since there are no further re- 
strictions on the coordinates, they form two parallel bundles. 
Hach bundle must be counted twice, since the values X,,; are 
double solutions of S= 0. 


B. Ogg =: 


In this case, the two directions coincide, and then the 
parallel bundles coincide, *giving one parallel bundle, every ray 
of which must be counted four times. 


From the equations 4) and 8) § 9, we know that the whole 
field of point-rays belongs to the congruences of these two 
cases; and from the discussion in connection with equation 
14) § 18, it must be counted twice. 


Ve Uso. = A0ay) ee 


In this case, we do not obtain a congruence but a com- 
plex, since the equation is satisfied by the o% rays for which 
Xo, = 0, and is to be excluded when dealing with configurations 
having quadratic dual representations considered as congruences, 
However in order to make the discussion complete for the cases 
having such representations, we will look into it a little further: 

The equation becomes 


18) X% = 0 


It may be considered as resulting from performing the multi- 
plication in the equation 


14) [Xi—€ (Coo Xe + O33 X33) | : [X, Fae (Gee X2 + 33 X3) | = 0, 


where dye, d33 are entirely arbitrary quantities. Hach factor sep- 
arately represents a normal net, but they have parallel axes. 
Using this property we see that we obtain oo? such nets satis- 
fying 13), since do, a3, are arbitrary. If we consider that in 
case of substitution of — de,,— ads; for deo, da33, the resulting 
configuration is not to be counted a second time, then each of 
these normal nets is counted but once, except for dg. = a33 = 0, 
which is counted twice. 

Kquation 14) is satisfied by all rays for which X= 0, 
since each factor then reduces to e multiplied by a factor. 
This gives the same result as stated above. This would also 
be true if dg and a3; in the second factor were replaced by 
any other finite values whatever. 

From a little different geometrical point of view, we might 
say that this configuration was made up of all the bundles of 
parallel rays which are at right angles to a given definite 
direction. 

Excluding case y) from our sté&tements, we may summa- 
aize as follows. 


sate T he congruences of nee I, B consist ee the rays of two 
parallel bundles, which are different cr coincident im a) or B) 
ny respectively, and the field of HOE rays; each totality is to be 
. counted twice. | 


- Having ee completed the geometrical neeeinann of the. 
_ various classes of dual conical congruences, we would add the 
following distinguishing characteristic between the congruences 
of the two large classes I and II; namely, 

No conical cougruence of sis I contains a parallel bundle, 
ile every Bor Gr Mate of class II cpulnrs at least one. 
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